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Abstract. For a locally compact group G we look at the group 
algebras C (G) and C*(G), and we let / G C (G) act on L 2 (G) by 
the multiplication operator M(f). We show among other things 
that the following properties are equivalent: 

1. G has a compact open subgroup. 

2. One of the C*-algebras has a dense multiplier Hopf *-subalg- 
ebra (which turns out to be unique). 

3. There are non-zero elements a G C*{G) and / G Co(G) such 
that aM(f) has finite rank. 

4. There are non-zero elements a G G*(G) and / G Cq(G) such 
that aM(f) = M(f)a. 

If G is abelian, these properties are equivalent to: 

5. There is a non-zero continuous function with the property 
that both / and / have compact support. 



Introduction 

The background for this article is the observation in [11, Section 3] 
that the algebra C%°(G) of smooth functions on a totally disconnected 
locally compact group G is a multiplier Hopf * -algebra as defined in [24]. 
Therefore it is natural to classify all multiplier Hopf *-algebras which 
are commutative or co-commutative; this is the same as answering the 
following question: When does C$(G) or C*{G) have a dense multiplier 
Hopf *-algebra? It is well known that the answer is yes if G is compact 
or discrete and the main results of Section 3 and Section 6 are that in 
general the answer is yes if and only if G has a compact open subgroup. 
If so, such a multiplier Hopf *-algebra is unique and can be described 
explicitly as the algebra of polynomial functions on G. 

We believe that multiplier Hopf *-algebras in general are the right 
framework for studying totally disconnected locally compact quantum 
groups (what ever that is) and it is therefore natural to first give a 
complete account for C (G) and C*{G). 

2000 Mathematics Subject Classification. 22D05; 46L05. 

Key words and phrases. Totally disconnected groups, group G*-algebras, multi- 
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Co(G) is treated in Section 3, the main tool is in Corollary 1.3 where 
it is shown that the existence of functions satisfying some algebraic 
relations is equivalent to the existence of a compact open subgroup. 

To get the same results for C*(G) is a little more tricky. For Cq(G) 
one can quickly show that elements of a multiplier Hopf *-subalgebra 
must have compact support and are therefore integrable. It is not 
so easy to show that elements of a multiplier Hopf *-subalgebra of 
C*(G) automatically are integrable with respect to the Haar-Plancherel 
weight. However, when this is proved, the results for C*(G) follow from 
those of C (G). In fact, we show that if A is the unique dense multiplier 
Hopf *-algebra of C (G) and L denotes the left regular representation, 
then {L(f) | / G A} is the unique dense multiplier Hopf *-algebra of 

c;(G). 

For C*(G) the situation is different. Here the existence of a multiplier 
Hopf *-subalgebra does not imply that G has a compact open subgroup. 
However, the corresponding uniqueness result is true. 

The algebras Cq(G) and C*(G) are dual as locally compact quantum 
groups and we shall also see that many properties of this duality are 
equivalent with the existence of a compact open subgroup. 

It is well known that if a G C;(G), f G C (G) and M(f) is the 
the corresponding multiplication operator on L 2 (G), then aM(f) is 
compact. Since the finite rank operators are dense in the algebra of 
compact operators it is natural to ask when aM(f) ^ is of finite 
rank. We show this is possible if and only if G has a compact open 
subgroup. 

It is a consequence of the Heisenberg relations that if G = M™ then 
a and M(f) as above never commute unless one of them is zero. We 
show that in general aM(f) = M(f)a ^ is possible if and only if G 
has a compact open subgroup. 

Finally, as a bonus for the patient reader we look at the case where 
G is abelian and ask whether one can have / G C C (G), f ^ and 
/ G C C (G). The answer should not surprise. 

Some of the results here are probably folklore and known to those 
who have worked with representations of p-adic groups. 
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tality and financial support, in addition we also have received support 
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We start with fixing our notation regarding function spaces on G. 

Definition 1.1. As usual Cq(G) are the continuous complex functions 
on G vanishing at oo and L P (G) is defined with respect to a fixed left 
Haar measure \i. We will often write just 



However, for functions in L 2 (G) we will instead use the left and right 
regular representations given by 



where is the modular function on G. 

Many of the arguments are based on the following Lemma. 

Lemma 1.2. Suppose G is a locally compact group with a continuous 
action a by isometrics on a Banach space A. For a fixed non-zero 
vector a G A and any subset U C G, denote by Fu(a) the linear span 
of the set {a x (a) \ x G U}. 

(i) Suppose that Fu(a) is finite dimensional for a neighborhood U 
of e. Then G has an open subgroup H s.t. Fh(o) is also finite 
dimensional. 

(ii) The same conclusion holds if we have a non-negligible set C 
s.t. Fc(a) is finite dimensional. 

(iii) // one further assumes that the functions x i— > (a x (a), <fi) are in 
Cq(G) for a G A, <fi G A* , then the subgroup H is also compact. 

Proof. Clearly V C U implies that Fy(a) C Fjj(a). To prove (i), take 
a neighborhood U s.t. Fjj(a) has minimal, positive dimension. Take a 
neighborhood V of e s.t V = V' 1 and V 2 C U. Then F v (a) = F v {a) 
is invariant by the open subgroup H generated by V and therefore 
F v (a) = F H {a). 

For (ii), take a measurable set C with finite Haar measure /x(C) > 
s.t. Fc(a) has minimal, positive dimension. Clearly U = {y G G \ 
/z(2/ _1 C7 n C) > is a neighborhood of e which satisfies 



1. Preliminaries 





(1.2) 



L x f(y) = f{x~ l y) RJ(y) = /\ G {xf' 2 f{yx) 



yeU 



F c (a) = F y -i CnC (a). 
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Therefore, the non-trivial linear space Fc{a) is invariant by the open 
subgroup H generated by U and also here F c (a) = F H (a) is finite 
dimensional. 

As for (iii), let {bi} be a basis for Fn(a), let <pj G A* s.t. (bi, <pj) = 5ij 
and define ipji(z) = (a z {bi), 4>f). Then tj}^ G Cq{G) and for y,z E H: 

a z (bi) = ^2^pki(z)b k 

k 

^ji(v z ) = ^2Mz)(ay(bk),(f>j) 
k 

k 

So 1 = ^nO/y -1 ) = Y.k^k{y)^ki{y~ l ) is constant on H and in C (G), 
so H must be compact. □ 

Corollary 1.3. If f, g, fi, gi G Co (GO are non- zero functions s.t. 

(1.3) f(xy)g(y) = fi(x)gi(y) for all x,y G G, 

i 

then G has a compact open subgroup H and there are functions f- G 
C (G) and g] G C(H) s.t. 

n 

(1.4) /(xy) =X;/jW(2/) /° r «"^G,i,e if. 

i 

Proof. Pick a non-empty open subset U of G with g(y) ^ for y <E U, 
and we may assume e G £/. We then have 

= ^2 h i(y)fi where ^(y) = gi(y)/g(y) for y e c/, 

so the result follows from Lemma 1.2 by taking A = C (G) and the 
action given by %(/) = f y . □ 

Lemma 1.4. Suppose that we have a continuous action of G as in 
Lemma 1.2, that we have a finite set of non- zero elements a, G A, 
and functions g,gi s.t. 

(1.5) g(y)a y {a) = ^2 gi {y)ai foryeG. 
Then g has compact support. 
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Proof. We may assume that {<2j} are linearly independent, so pick Vi G 
A* s.t. {di,Vj) = 5ij. Then 

9i(y) = g(y)(u y (a),Vi) 

g(y)a y (a) = g(y) J^(a v (a), ^)a; 

g(y)a = g{y) ^(^(a), v^aiy-ifa). 

Pick u E A* with (a, z/ ) = 1, then 

g(y) = 9(y)^2{a y (a),u i )(a v -i(a i ),v ) = g{y)c{y) 

with c G Co(G), which is possible only if g has compact support. □ 

Corollary 1.5. With the assumptions in Corollary 1.3, 5 G C C (G). 

We shall also need the following: 

Lemma 1.6. Suppose G contains a subgroup H , that A is a vector 
space and that we have functions g, gi : G 1— > A and fi : G 1— > C s.t. 

n 

(1.6) X H (xy)g(y) = ^ fi( x )9i(y) f or al1 x,y EG. 

1 

Then g has finite support in G/H , i.e. there is a finite set F s.t. g(y) = 
for y ^ FH . 

Proof. We may assume that the set {/j} is linearily independent, so by 
[9, (28.14)] there is a finite set F\ = {xi} s.t. the matrix {fi(xj)} is 
invertible. Then y ^ F^H =>• <?i(y) = and therefore also g(y) = 0. 
So we can take F — Ff 1 . □ 

Corollary 1.7. Suppose the functions f,g,fi,gi E L 2 {G) satisfy 

n 

(1-7) /(^(rr-^) = fi(x)gi(y) for almost all x,y EG. 

1 

TTien G /ias a compact open subgroup H and there are functions f- E 
C{H) and g'j E L 2 {G) s.t. 

(1.8) ^y) = J2fj( x Wy) for xEH,yE G. 

1 

Proof. Pick a set C such that < fJ>(C) < 00 and f(x)^0 for x G C. 
Then divide by f(x) and apply part (ii) of Lemma 1.2 with A = L 2 (G) 
and the action given by L x . □ 
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Remark 1.8. The Kac-Takesaki operator on L 2 (G x G) is defined by 
Wf(x, y) = f(x,x~ l y). Therefore (1.8) is equivalent to W(f ® g) — 
Yli fi ® 9i- The reader may want to compare this with [2, Defini- 
tion 1.8]. 

Remark 1.9. Our main results so far have been that the existence of 
certain functions satisfying (1.3) is possible only if G has a compact 
open subgroup. Note, however, that this conclusion is possible only 
with some restriction on the functions involved. On R or matrix groups 
like GL(n, C) one clearly has unbounded functions satisfying (1.3), but 
there are no compact open subgroups. 

Remark 1.10. As we shall see later, the conditions studied here are 
in fact equivalent to the existence of a compact open subgroup H . For 
the opposite implication, just take / = g = Xh- 



Multiplier Hopf *-algebras were introduced in [26], in this section we 
shall recall some of the main definitions and results and refer to [26] or 
[13] for more precise statements. 

Let A be a *-algebra over C, with or without identity, but with a 
non-degenerate product. The multiplier algebra M(A) can be char- 
acterized as the largest algebra with identity in which A sits as an 
essential two-sided ideal. We always let A® A denote the algebraic 
tensor product. A comultiplication (or a coproduct) on A is a non- 
degenerate *-homomorphism A : A — > M(A®A) such that A (a) (1(8)6) 
and (a (8 1)A(6) are elements of A (8 A for all a, 6 G A. It is assumed 
to be coassociative in the sense that (A C8 i) o A(a) = (t (8 A) o A(a) 
inside M(A (8 A (8 A); where i denotes the identity map, see [24] for a 
more precise definition. 

Definition 2.1. A pair (A, A) of a *-algebra A over C with a non- 
degenerate product and a comultiplication A on A is called a multiplier 
Hopf * -algebra if the linear maps from A (8 A defined by 



are injective with range equal to A (8 A. 

For any multiplier Hopf *-algebra, there is a counit e : A i— > C which 
is the unique *-homomorphism satisfying 



2. Multiplier Hopf *- Algebras 



(2.1) 
(2.2) 



a (8 6^ A(a)(l (8 6) 
a (8 6 -y (a (8 1)A(6) 



(2.3) 
(2.4) 



(e (8 t)(A(a)(l <g> 6)) = ab 
(fc<g>e)((a<g> 1)A(6)) = ab 
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for all a,b G A. There is also an antipode which is the unique linear 
map S : A \— > A satisfying 



where m denotes multiplication defined as a linear map from A® A to 
A. The antipode is an injective anti-homomorphism and satisfies the 
relation S(a*) = S _1 (a)* for all a G A. 

Definition 2.2. A right integral on A is a linear functional ji s.t. 

(H <g> t)(A(a)(l <g> 6)) = n(a)b. 

In general a right integral may not exist, but if it does there is also 
a left integral (defined in a similar way). This will always be true in 
the cases we are studying. A multiplier Hopf *-algebra with a positive 
right integral is called an algebraic quantum group, (which should not 
be confused with a quantization of an algebraic group). 

A multiplier Hopf *-algebra has local units in the following sense: 

Lemma 2.3. If A is a multiplier Hopf * -algebra and F is a finite subset 
of A, then there is b G A s.t. ab = a for all a G F. 

Proof. See [6, Proposition 2.2]. □ 

3. Multiplier Hopf *-algebras in C (G) 

We start with Cq{G) where the co multiplication, antipode and counit 
is given by 



Haar measure on G. 

Standing Hypothesis 3.1. Let A be a *-subalgebra of C (G) which 
is also invariant under the antipode S. We also assume that 



It can then be shown that A is a multiplier Hopf *-algebra with 
the coproduct inherited from Cq(G). We call A a multiplier Hopf*- 
subalgebra of Cq(G). It is actually not necessary to assume that A is 
invariant under the antipode S, for details on all this see [5]. 

The main results in this section is that such a multiplier Hopf *- 
subalgebra A of Cq{G) exists only if G has a compact open subgroup. 
If A also is dense in C7 (C7), it is unique and can be described. 



(2.5) 
(2.6) 



m(S ® t)(A(a)(l ® b)) = e(a)b 
m(i ® S)((a <g> 1)A(6)) = e(b)a 




span{A(/)(l®3) | f,geA)} = A® A. 
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Definition 3.2. If if is a compact group, define V(H) = all polynomial 
functions on if , so / G V{H) <^> e C(H) s.t. 

n 

(3.1) f(hk) = fi(h) gi (k) for h, k G H. 

i 

Thus V(H) equals the matrix functions corresponding to finite dimen- 
sional (unitary) representations of H . 

Suppose G is a locally compact group and that if is a compact open 
subgroup. Then C(if) C C C (G) in an obvious way, this is used next. 

Lemma 3.3. The following are equivalent: 

(i) / g span{ x \ xeG,(f)e V(H)}. 

(ii) 3f t e C C (G), & e C(H) s.t. 

f(xh) = Ei fi(x)Mh) forxeG,he H. 

Proof. (i)=>-(ii): If G V(H) satisfies (3.1) and / = x <f>, then for y G 
G,heH: 

(3.2) f(yh) = X xH (yhMx- l yh) = X xH {y) ^ f l {x^ l y)g l {h). 

So / satisfies (ii). 

(ii)=>(i): If / satisfies (ii) and has support in U™XiH we have / = 
E X-xiiif- So we may suppose f — x (f> and have to show that G V(H). 
But this follows from <fi(hh) = f(xhk) = ^2 fi(xh)gi(k). □ 

Lemma 3.4. If f satisfies (ii) above, fi,(pi can be chosen s.t. also fi 
satisfies (ii) and 0j G V(H). 

Proof. First note that we can assume that {(pi} is an orthonormal set 
in L 2 {H), so 

fi(x) = [ f{xh)Uh)dh 
Jh 

fi(xk)= [ f{xkh)Hh)dh = Y^f ] {x) [ ^{khjUh^dh 
Jh ■ Jh 

therefore fi satisfies (ii). Since span{/j} is ff#-invariant and 0i are the 
matrix functions with respect to this finite dimensional representation, 
it follows that faeV(H). □ 

Lemma 3.5. Suppose if, K are two compact open subgroups of G. 
Then f satisfies the conditions of Lemma 3.3 with respect to if if and 
only if it does for K . 
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Proof. It is enough to show that the statement is true if H C K. Using 
Lemma 3.3 it further suffices to show that under the natural embedding 
of C(H) into C(K) we have V{H) mapped into V{K). If K = U^H 
we have 

n 

(3.3) X H (kl) = XH{kh)X H {K 11 ) for k,leK. 

i 

Now suppose / G V(H), so /(/life) = £™ fi(h) gi (k) for h,keH. Then 
we have for k,l <E K that 

/(fcZ) = x H (kl)f(kl) = J2 x H(kk t )x H (KH)f(kk t krH) 

= J2^H(kk l )X H (KH)f J (kk t )g J (krH) 

which shows that / G V(K). □ 

Definition 3.6. TTie polynomial functions on G is the space V(G) of 
all functions / G C C (G) satisfying the conditions of Lemma 3.3 for some 
(hence all) compact open subgroups of G. 

Theorem 3.7. Suppose G has a compact open subgroup. Then V{G) is 
a multiplier Hopf * -subalgebra of Cq{G) separating points of G which is 
invariant under the left and right action given by f i— > x f and f i— > f x . 

Proof. If /, g G V(G) there is a compact open subgroup s.t. the condi- 
tions of Lemma 3.3 hold for both. The same subgroup then holds for 
both f + g and fg. 

The antipode in c7 (l7) is given by S(f)(y) = /(jT 1 ).^ f = x <p 
with G V(H), then <S(/) = x-iV' where ip G V(xHx^ 1 ) is given 
by V'(y) = 0(^ _1 y -1 ^)- So V(G) is S'-invariant. V(G) is obviously 
invariant under / i— > x /, and if / satisfies Lemma 3.3 with respect to 
H, then f x satisfies Lemma 3.3 with respect to xHx -1 . 

We next have to show that A(V(G))(V(G) ® 1) = P(G) ® 7^(67) etc. 
If / = x<t> an d 9 — yip with <E V(H), then the function 

(3.4) h(s,t) :=A(f)(g®l)(s,t)= ( j ) (x- 1 st)^y- 1 s) 

has support inside yH x Hy~ x xH. By compactness we get Hy~ x xH = 
iy^hiy~ l xH, take Zi = hiy~ l x and K = H Hi ZiHz' 1 . Suppose A(0) = 
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J2i a j ® Pj, then 

h(s,t) =J2Xz iH (t)<f>(x~ 1 st)il>(y- 1 s) 

i 

= Yl XHiZityXHix^stMx-^stMy-h) 

i 

= X H (zr 1 t)X H (x- 1 sz l )(l)(x- l sz l z- 1 t)ij(y- l s) 

i 

= ^ x H{zi 1 t)X H {x' 1 szi)aj{x~ l sz i )(3 :j {Zi 1 t)i)(y' 1 s). 

From this it follows that h G Cq(G) <E> Cq(G). An easy computation 
shows that h G V(G) ® V{G) with respect to the subgroup K x K. 
We have therefore proved that A(V(G))(V(G) ® 1) C V(G) <g> 
Since the inverse of the map a ® 6 i— > (a <E> l)A(fe) is given by a <E> & i— ► 
(a®l)(,S'<8u)A(&) it follows that A(V(G)(V(G) ® 1) = V{G)®V{G). 
We leave other details to the reader. □ 

Proposition 3.8. / G V(G) if and only if f G Co(G) and inere are 
non-zero functions g, h, fa, gi, /', a^ G Co(G) s.t. /or a// x,y <E G 

(i) f(xy)g(y) = T,7 fi( x )9i(y) and 

(ii) f(y)h(xy) = YZffa)9i(y)- 

Proof. If f E V{G) it follows from (3.1) that (i) and (ii) hold with 
g = h = Xh- Conversely if (i) holds, it follows from Corollary 1.3 
that there is a compact open subgroup H and functions hi G Cq(G) 
and ki G C(H) s.t. f(xy) = Ei hi(x)ki(y) for y <E H. Finally, from 
Corollary 1.5 we have / G C C (G), hence feV(G). □ 

The next characterization V(G) will also be useful. 

Proposition 3.9. Suppose G has a compact open subgroup H . Then 
f G V(G) if and only if there are finitely many functions fi,gi, /j, g'j G 
C (G) s.t. 

(i) f(xy)X H (y) = E^T fi(x)9i(y) and 
(h) fWnW^ffaWjiv)- 

Proof. If / satisfies (ii) it follows from Lemma 1.6 that / = Ei xtfa 
with fa G C(if) and the sets {xiH} disjoint. We want to show that (i) 
implies that fa G V(H): 

n 

(3.5) fa(hk) = fix^hk) = fj( x 7 lh )9j( k ) for a11 h,keH, 

i 

so fa G V{H) and / G by Lemma 3.3. 
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Conversely, if / = 2 with <p £ V(H) one checks that / satisfies (i) 
and (ii), so again by Lemma 3.3 this is true for any / G V(G). □ 

Remark 3.10. Note that both (i) and (ii) are needed in general to 
characterize V(G): If G is discrete and H = {e} then (i) is automatic, 
if G is compact and H = G then (ii) is automatic. 

Theorem 3.11. Suppose A is a multiplier Hopf * -subalgebra of C${G) 
separating points. Then G contains a compact open subgroup H and 
A = V(G). 

Proof. It follows from Corollary 1.3 and Proposition 3.8 that G contains 
a compact open subgroup H and that A C V(G). 

Claiml: If v is a measure on G with compact support and / G A, 
then / * v £ A. 

Let C be the support of v. Since A separates points in G there is 
g £ A s.t. g(y) > for y £ C. There are functions f^Qi £ A s.t. for 
y £ C we have 

n 

f{xy~ l )g{y) = ^fi{x)gi{y) 
i 

n 

f(xy- 1 ) = J2M x My)/g(y) 
i 

n 

f*v(x) = ^2fi(x)v(gi/g). 
l 

So f*v £ A. In particular this means that A is invariant under / i— > f x 
and therefore also under / i— > x /. Moreover it follows that if / G 
and g £ A then f * g £ A. 
Claim2: X H £ A. 

By Stone- Weierstrass ||/ — Xh||oo < e < 1/2 for some positive func- 
tion f £ A. Then by Claiml g = f * X H G A D C C {G/H) and 
H*? _ ^_ff||oo < e - The support of g equals Uf =0 XiH with x = e. Take 
cci — g{xi) and define 

n 

(3.6) = g-(x) JJ[ao0(aO - a i g(x' 1 x i )}. 

i=l 

Then (ft £ A, we have 0(x«) = for i ^ 0, 0(e) = ceo 111 [ a o ~~ a f\ 7^ 0. 
So = 0(e)Xij, hence X// G A 

ClaimS: If / G T^-H") there is # G ^4 s.t / = 
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By taking a minimal decomposition with /j,<7, G C(H) s.t. 

n 

f(hk) = J2MhMk)for h,keH 
1 

we may assume that {gi} is orthonormal and that {fi} is linearily 
independent. Since A is dense in C (G) there are hi & A s.t. 



gi(k)hj(k l )dk = 
Then / * hi is in A and for h G H 

f*hi(h) = [ fihkMk'^dk 

J2fj(h)g 3 (k)h l (k~ 1 )dk = f t (h). 



H j 

From this it follows that 

f(h) = £ (e) = E / * M%i( e ) 

which proves the claim. 

Finally it follows from Claim2+3 that "P(-fT) C A, and then from 
Lemma 3.3 that V{G) C A. □ 

4. Totally disconnected groups 

It is natural now to look these groups since they have a basis of 
neighborhoods of e consisting of compact open subgroups. In addition 
it was our discovery that the smooth functions on G is a multiplier Hopf 
*-algebra that started this work. 

Definition 4.1. If G is a totally disconnected group, define the smooth 
functions on G by 

C™(G) = 1){C C (G/H) | H a compact open subgroup} 

= span{X x _ff | x G G, H a compact open subgroup} 
= span{Xa;^ | x, y G G, a compact open subgroup}. 

Theorem 4.2. If G is a totally disconnected group, C™(G) = V(G). 

Proof. If H is a compact open subgroup then Xh G V(G), and since 
both C~(G) and are translation invariant C~(G) C P(G). 
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To prove the converse, for the same reason it suffices to show that 
V(H) C C™(G). So suppose / G V(H) satisfies 

n 

(4.1) f(hk) = fj( h )9j( k ) for a11 h,keH 

i 

and we may assume that {gj} is an orthonormal set in L 2 (H). Then 
as in the proof of Lemma 3.4 we get that {fj} is ^-invariant for 
x G H. This way we get a finite dimensional representation of H on 
X = span{/j}. Since H is totally disconnected, by [9, (28.19)] there is 
a compact open subgroup K s.t. Rk = I on X for k G K. This means 
that fj and therefore also / G C{H/K) C C7 C °°(C7). □ 

Remark 4.3. Note that if G is totally disconnected C%°(G) equals 
the space of regular functions as defined by Bruhat in [3], but in gen- 
eral these spaces are different. For more about functions on totally 
disconnected groups, see also [18, chapter 1.1]. 

5. Multiplier Hopf *- algebras in C*(G) 

Definition 5.1. We have already defined the left and right regular 
representations of G on L 2 (G) in Definition 1.1. For / £ L^iG) let 

Lf — J f(x)L x dx R f ■ = J f(x)R x dx. 

Then C*(G) is defined as the norm closure of {Lf \ f £ L 1 (C7)}. It is 
standard that L x e M(C*(G)) and we shall often identify an element 
x G G with L x . We shall also need the weak closures 

C(G) := {L g \ge G}" and 11(G) := {R g \ g G G}". 

The comultiplication on C*(G) is defined by 

A(L f ) = J f{x){L x ®L x )dx 

for / G L X {G) and can be extended to a non-degenerate *-homomor- 
phism C;(G) h-> M{C* r {G) ® C*{G)), see [23, Proposition 4.3] or (in a 
more general setting) [12, (3.2)]. 

The antipode and counit are given by 



S(L f ) = J Aaix-^fix-^Lvdx e(L f ) = J 



f(x) dx, 



where Ac is the modular function of G. A left Haar integral is given 
by w G (L f ) = /(e). 
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The antipode S can be extended to C*(G), but not the counit e. 
There is an extension of w G to an (unbounded) weight on C*(G). For 
more details we refer to [14, Chapter 7.2]. 

We shall also need the modular automorphism group corresponding 
to this weight, it will satisfy 

a t {L f ) = J A G (xff(x)L x dx. 

As usual we also use the notation 

N WG = {a | w G (a*a) < oo} M. WG = span{a*6 | a, b G M WG }. 

Standing Hypothesis 5.2. Let A be a *-subalgebra of C*(G) which 
is also invariant under the antipode S. We also here assume that 

span{A(a)(l <g> b) \ a,b G A)} = A® A. 

It follows that A is a multiplier Hopf *-algebra with the coproduct 
inherited from C*(G). We call A a multiplier Hopf * -subalgebra of 
C*(G). As in 3.1 it is actually not necessary to assume that A is 
invariant under the antipode S, for details see [5]. 

First we address some properties which are not so easy to prove as 
for Cq(G). We saw in Section 1 that elements of a multiplier Hopf 
*-subalgebra of C (G) must have compact support and are therefore 
automatically integrable with respect to Haar measure. We shall see 
that the similar result is somewhat more complicated in C*(G). 

Proposition 5.3. Let A be a multiplier Hopf * -subalgebra ofC*(G). 
Then A is a -invariant and every element a e A is analytic with respect 
to the modular automorphism group a t of the weight wq- 

Proof. For a, b e A we have elements a iy bi G A s.t. 

n 

(5.1) a®b = J^A(a i )(l(8)6 i ). 

i 

Since a t (L x ) = A G (x)' lt L x , we have (a t <8> <r_ t ) o A = A and 

n 

(5.2) a t (a) <g> <r_ t (6) = ^ A(a,)(l ® <r_ t (6i)). 

i 

Multiply with 1 <g> 6* to get 

?i 

(5.3) <7 t (a) ® 6V_ t (6) = ^(1 ® 6*)A(a i )(l ® <r_ t (6i)). 

i 

Since a«, 6j G ^4, we have (1 ® 6*)A(oj) = X] c «i ® where the sum is 
finite and the set {Qj} is linearily independent. Take V = span{Qj}, 
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then (1 <g> &*)A(ai) G V <8> A and also a t (a) <g> &V_ t (&) e V <g> C*(G). 
With & 7^ we see that there is e > s.t. a t (a) G V for |t| < e. From 
part (i) of Lemma 1.2 we see that a t (cij) G V for all tel. 
Take 

V\ = span{<Tt(a) 1 1 G M} and 

/oo 
e -*(*-*o)V t (a) dt 1 1 e K, fc > 0}. 
-oo 

If a is a linear functional on Vi which is zero on V2, we have 

/oo 
e - fc( '-' o)2 a(a t (a)) dt = 
-00 

for all to an d > 0. This is only possible if a(<r t (a)) = 0, so a = on 
V\. It follows that V\ = V 2 , and from [21, Lemma 2.3] that a is analytic 
with respect to the modular automorphism group a t . □ 

Proposition 5.4. Let A be a multiplier Hopf * -subalgebra of C*(G). 
Then all elements of A are integrable with respect to the modular au- 
tomorphism group a t and A C Af WQ H M. WG . 

Proof. Take a G A, we just proved that there is a finite dimensional 
subspace V s.t. a t (a) G V for all t. By Lemma 2.3 there is e G A s.t. 
ex = x for all x G Vq. Now take z G A4, G s.t. ||e — z\\ < (4 ||e|| + 2)~ 1 
and 1/ = 2*2. Then ||e*e — y|| < | and 

(5.5) a*a = a*(e*e — y)a + a*ya < -a*a + a*ya, 

so a*a < 2a*ya. Since a is analytic with respect to wq, it follows from 
[21, Lemma 2.4] that w G (a*ya) < 00. So w G (a*a) < 00 and a G A/" WG . 
Since A 2 = A (as remarked above), we also have a G M WG . □ 

Remark 5.5. Actually A is contained in the Pedersen ideal of C*(G), 
but is in general a proper subset. We shall not need this, but the reader 
may recognize a main ingredient of [14, p 175] in the above proof. 

We now come to the first main result about C*(G): 

Theorem 5.6. Suppose C*{G) contains a multiplier Hopf * -subalgebra 
A. Then G has a compact open subgroup and every element of A is of 
the form with G C C (G). 

Proof. By assumption we have a, b,ai,bi G A with 

n 

(5.6) A(a)(l<g>&) = ^ai®bi ^ 0. 

1 
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Then for all x,y G G we have 

n 

(5.7) (1 ® yx~ 1 )A(xa)(l ® b) = ^xdi^ybi. 

1 

We have a,b G A4, G and there are £, 77 G L 2 {G) such that the following 
expression is not identically zero: 

n 

(5.8) (xa, iu G ) {yx~ l b£ \ rj) = ^2(xa i: w G ) (yb£, | rj). 

1 

These functions are in Cq(G) and satisfy Corollary 1.3, so G has a com- 
pact open subgroup and the functions are in fact in C C (G) by Corol- 
lary 1.5. With a(x) = 0(a;~ 1 a) we then have a = J a(x)L x dx. □ 

As in Section 3 we expect that C*(G) has a unique dense multiplier 
Hopf *-subalgebra, and this is true: 

Theorem 5.7. Suppose G has a compact open subgroup H and that A 
is a dense multiplier Hopf * -subalgebra of C*{G). Then 

A = {L^\<f ) eV(G)}. 

Proof. We just saw that A C {L^ | G C C (G)}. Let A = {a | a G ^l}. 
We want to prove that this is a dense multiplier Hopf *-subalgebra of 
Cq(G). It follows from our computations in Theorem 5.6 that 

span{A(a)(l <%>b) \ a, b G A} = A® A. 

We have a®b = A(q)(1 ® d { ) so a(x)b(x) = J2ci(x)di(e), and 
therefore A is an algebra under pointwise multiplication. With b = 
S(a*) we have b(x) = a(x), so A is conjugation invariant. By repeating 
such computations in various forms, the reader should be convinced 
that {a I a G A} is a multiplier Hopf *-subalgebra of C (G). The 
conclusion now follows from Theorem 3.11. □ 

Remark 5.8. In the last part of this section we show that if G has 
a compact open subgroup H, the unique dense multiplier Hopf *- 
subalgebra A of C*(G) can be characterized using the conditional ex- 
pectation E : C*{G) 1— > C*.(H). We believe this is useful for general- 
izations. 

Next we shall give an alternate description of A which is the dual of 
Proposition 3.9. Two tools are needed: the projection 

(5.9) p H = f L h dh 

Jh 
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(we assume the Haar measure is normalized such that fi(H) = 1) and 
the conditional expectation E : C*(G) i— > C*{H) given by 

E(a) = (t <g> r) A(a) = (r <g> t)A(a) 
where r is the vector state given by r(a) = (aX#, Xh)- Note that 

Ao£ = (E®i)oA = (i®£)oA 
and that for b G C* r (H): 

bpH = r(b)p H , A(b)(l®p H ) =b®p H . 
Lemma 5.9. Suppose a : a i: bi G C*(G) satisfy 

n 

(5.10) A(a)(l ®p H ) = J2 a i ® 6»- 

i 

T/ien t/iere zs a /imte sei F s.t. _E(x _1 a) = /or x FH and a = 
Y JX&F xE(x- 1 a). 

Proof. By multiplying (5.10) to the left with x _1 ®y and applying E®r 

we get 

X H (yx)E(x- 1 a) = s ^ j T{yb i )E(x- l a i ). 

Now Lemma 1.6 gives a finite set F s.t. E(x~ 1 a) = for x £ FH. 

To prove the last claim, choose F s.t. FH = VJ x& fxH is a disjoint 
union and take b = ^2 xeF xE(x~ 1 a). Then E{y~ 1 b) = E{y~ 1 a) for all 
y G G (look at y G FH and y FH separately). 

So £(cy _1 &) = E(cy~ l a) for all y G G and c G C*(H). Since 
UyC*(H) is dense in C*(C) and £ is faithful it follows that a = b. □ 

Lemma 5.10. Suppose a = x i a « a,i G C*{H), xi G G, x" 1 ^ ^ 
if for i ^ j and that 

m 

(5.11) {a®l)A{p H ) = Y,h®c k . 

i 

Then also each satisfies (5.11), in fact 

(5.12) (a, <g> l)A(p H ) = E ( x i lh k) ® c fc . 

Proof. Just use the map 6 <g> c i— > E(x~ l b) ® c on 

(5.13) ^(a;^® l)A(pn) = Xl^® c fc- 

□ 
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Lemma 5.11. Suppose H is compact and that a,bi,Ci G C*(H) satis- 
fies 

n 

(5.14) (a® l)A(p H ) = J2 b i®°i- 

i 

Then there is f G V(H) s.t. a — Lf. 

Proof. We may assume that {q} is linearly independent, so there is a 
central projection e G C*(H) s.t. also {qeo} is linearly independent. 
Choose ipj G (C*(H)e )* s.t. tpj(cie ) = 5ij and note that ipj can 
be considered an element of V(H). Use i <g> ^ on (5-14) to obtain 
&j = aL 1 j Jj G C*(H)S(eo). So 6« = L/ s for some fi G V(H), and 

(o(8)1)A(ph) = J2i L fi % ( 2 -6) a = J2i L fi^( c i) anci since (Af I 
/ G P(#)} is an ideal in C;(H), we have a e {L f \ f e V(H)}. □ 

Theorem 5.12. If G has a compact open subgroup H and a G C*(G) 
the following are equivalent: 

(i) a = L with <p G 7>(G) 

(ii) There are finitely many b iy q, b'j, c'j G C*(G) s.t. 

A(a)(l <8)p H ) = ^2bi®d and (a ® l)A(p H ) = X] fe i ® c i' 

Proof. That (i) implies (ii) is left to the reader (use Proposition 3.9, 
multiply with L x <g> L y and integrate). Conversely, if a satisfies (ii) 
it follows from the previous that a = J2k-Lx k a>k with xt G G and 
a k G C*(H). By Lemma 3.4 and Lemma 5.11 we get <pk G V(H) s.t. 
a k = L^, so / = J2k xkrf'k is in 7 3 (G) and we have a = L f . □ 

Remark 5.13. Note that as in Remark 3.10 both parts of (ii) are 
needed in general to characterize A. 

6. Multiplier Hopf *- algebras in C*(G) 

What happens if we look at C*(G) instead of C;(G)? Here C*{G) 
is the enveloping C*-algebra of L l (G) and the maps A, S, e, a t in Sec- 
tion 5 all extends to C*(G), cf. [10, Theorem 3.9] or [15] for an updated 
survey. If n r is the natural map C*(G) — > C*(G), we also get a weight 
on C*(G) by a i— > 0(7r r (a)), but this weight is in general not faithful so 
C*((j) is not really a locally compact quantum group. 

In Theorem 5.7 we showed that the existence of one finite set of 
elements in C*(G) satisfying (5.6) implies the existence of a compact 
open subgroup. However, this is not true for C*(G). Akemann and 
Walter proved (see [1] or [22]) that if G has property (T), then there is 
a central minimal projection p G C*{G) s.t. 7r (p ) = 1 for the trivial 
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representation 7r and 7i(po) = for all other irreducible representations 
ofC7. Clearly 

A(p )(l ®Po) = Po®Po, 

but there are groups with property (T) - e.g. SL(3, R) - which do not 
have compact open subgroups. 

Note that if G has a compact open subgroup H the analogue of The- 
orem 5.12 can be proved the same way, since by [17, Proposition 1.2] 
there is a conditional expectation E : C*(G) i-> C*(H) = C*(H). The 
map r is then defined by r(a) = (E(o)Xh,Xh), the proof of Theo- 
rem 5.12 can be repeated verbatim and we have: 

Theorem 6.1. If G has a compact open subgroup H , a G C*(G) and 
U is the universal representation of G the following are equivalent: 

(i) a = U f with feV(G) 

(ii) There are finitely many bt, c iy b'j, c'j G C*(G) s.t. 
A(a)(l<g>p H ) =5^&i<g>Ci and (a <g) l)A(p H ) = 6^ <g> cj. 

7. Multiplication and convolution operators 

The dual locally compact quantum groups Co(G) and C*(G) have 
both natural representations on L 2 (G) and we shall study properties 
of these representations which also turns out to be equivalent to the 
existence of a compact open subgroup. It is well known, see [19, Propo- 
sition 3.3] or [23, Lemme 5.2.8] (although the result is probably older) 
that if a G C*{G) and / G Cq{G), then aM(f) is a compact operator 
on L 2 {G)). (See also [4] for a study of multiplication and convolution 
operators over L P (G)). 

In this section we shall see that aM(f) can not be non-zero and of 
finite rank unless G has a compact open subgroup. We shall also see 
that aM(f) = M(f)a ^ is possible only if G has a compact open 
subgroup. We first need the following two results: 

Theorem 7.1. For a closed subgroup H of G, 

(i) C (G) n L°°(G/H) = C (G/H) if H is compact and trivial 
otherwise. 

(ii) c;(G) n C(H) = c;(G) n l°°(h \ g)' = c;{h) if h is open 

and trivial otherwise. 

Proof. The first statement is obvious. It follows from the Takesaki- 
Nielsen-Rieffel commutant theorem [16, Theorem 2.6] that 

(7.1) C(H) = C(G)r)L°°(H\G)'. 
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Suppose a G C*(G)r\C(H) with a > 0. Then there is an open set U s.t. 
b := M(Xu)aM(Xu) ^ 0. So b is a compact operator L 2 {U) i-> L 2 {U) 
and by the spectral theorem there is A ^ such that the eigenspace 

(7.2) tf A := {£ | bi = A£} 

is finite dimensional ^ {0}. For ip G L°°{H \ G), £ G H x then 

(7.3) 6M(^)e = M(^)&£ = AM(^)e 

so M(ip)Hx C i?A- We therefore have a non-zero £ G L 2 (U) which 
is an eigenvector for all M(ip) with ip G L°°(H \ G). Restricting to 
ip G C (H \ G) one realizes that there is x G G (not unique) s.t 

(7.4) M(^)£ = ^(x )£ for all V G C (# \ G). 

Let V = {a; | £ (x) ^ 0}, so fi(V) > and ^(s) = ip(xo) for all s G V, 
ip G Co(H \ G). For this it is necessary that V C #£0, s° VV^ 1 is an 
open subset of H by [8, (20.17)] and therefore H is open. □ 

Theorem 7.2. Suppose a G and / G L°°(G) s.t. M(/)a ^ 

has finite rank. Then G has a compact open subgroup. 

Proof. Pick a measurable set C with < //(C) < oo si. M(Xcf)a ^ 0, 
therefore we may assume that / G L 2 (G). Pick G L 2 (G) s.t. 

n 

M(/K = J><£ | 77.) for all £. 
i 

There is £ G C C (G) s.t. M(f)a£ ^ 0, using that aL x = L x a we get 

n 

M(f)aL x Z(y) = J2^( L *t\Vi) so 
i 

n 

f(yH(x- 1 y)=Y,Zi(v)(LxS\rii)- 
i 

The reader should check that x h- > (L x £ | 77*) is in L 2 (G), so by Corol- 
lary 1.3 we can conclude that G has a compact open subgroup. □ 

Remark 7.3. We clearly have the same result with a G C(G) instead. 

Theorem 7.4. Suppose a G C*(G) and f G C (G) are both non-zero 
s.t. aM(f) = M(f)a. Then G has a compact open subgroup. 

Proof. Fuglede's Theorem [7] implies that a*M(f) = M(f)a*, so 

B = {geL°°(G)\M(g)a = aM(g)} 

is a weakly closed right invariant *-subalgebra of L°°(G), so by [20, 
Theorem 2] B — L°°(H \ G) for some closed subgroup H of G. Since 
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/ is a non-zero element of Cq(G) H L°°(H \G), we get from part (i) 
of Theorem 7.1 that H is compact. Since a is a non-zero element of 
C*(G) fl C{H), part (ii) of the same theorem gives that H is open. □ 

The following description may also be useful. 

Definition 7.5. A non-zero self-adjoint projection p in a multiplier 
Hopf *-algebra is called group-like (cf. [13] and [20, Theorem 10]) if 

A(p)(p<g) 1) = A(p)(l ®p) =p®p. 

Proposition 7.6. The following are equivalent: 

(i) G has a compact open subgroup 

(ii) Cq(G) has a group-like projection 
(hi) C*(G) has a group-like projection. 

Proof. If G has a compact open subgroup H, it is easy to check that Xh 
is a group-like projection in C (G) and that p# = Ly^ H is a group-like 
projection in C*(G). 

If p is a projection in Co(G), then p = Xa for a compact open set 
A. It is easy to see that if p is group-like, then A is a subgroup of G. 
Finally, it follows from [20, Section 5] that if p G C*(G) is group-like, 
then p = Lx H for some compact open subgroup H of G. □ 

Remark 7.7. Clearly (i-iii) above implies that C*(G) has a group-like 
projection. However, our remarks in Section 6 show that the reverse 
implication is false. 

8. Abelian GROUPS 

We close with a quick look at abelian groups. It is a basic fact 
of classical Fourier analysis that if we have a non-zero function / G 
C c (lR n ), then its Fourier transform / is analytic and therefore does 
not have compact support. For abelian groups in general we have the 
following: 

Proposition 8.1. If G is abelian, the following are equivalent: 

(i) G has a compact open subgroup 

(ii) There is a non-zero f G C C (G) with f G C C (G). 

Proof. If G has a compact open subgroup H, then / = Xh G C C (G) 
and / = X H ± G C C {G); so (i) implies (ii). 

The opposite implication will in fact follow from [8, (24.30)], but we 
will give a proof that does not depend on the structure theory of locally 
compact abelian groups. 
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Suppose there is a non-zero / G C C (G) with / G C C (G) and that [/ is 
a compact neigborhood of e. Then there is g G C C (G) and G C C {G) 
with gl/y/ = L^/ and = L y / for all y E U. 

Hence L^M(g) is a compact operator and L^M(g)L y f = L y f for all 
y EU . This implies that span{L y / | y G £/} is finite dimensional and 
it follows from Lemma 1.2 that G has a compact open subgroup. □ 
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